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1. Introduction
An n-bridge sphere of a link L in S3 is a sphere which meets L in 2n points and cuts (S3, L) into n-string trivial tangles
(B1, t1) and (B2, t2). Here, an n-string trivial tangle is a pair (B3, t) of the 3-ball B3 and n arcs properly embedded in B3
parallel to the boundary of B3. Two n-bridge spheres S1 and S2 of L are said to be isotopic if there exists an isotopy of
(S3, L) which sends S1 to S2.
A bridge-sphere of a link may be regarded as an analogy of a Heegaard surface of a 3-manifold. By the recent proof of
Waldhausen conjecture due to T. Li [7], every atoroidal 3-manifold admits only ﬁnitely many Heegaard splittings of a given
genus up to isotopy. On the other hand, 3-manifolds with inﬁnitely many minimal genus Heegaard surfaces up to isotopy
are given by K. Morimoto and M. Sakuma [9,10] and by D. Bachman and R. Derby-Talbot [1]. It is natural to ask whether
the same result holds for bridge-spheres.
The purpose of this paper is to prove the following theorem.
Theorem 1.1. There are inﬁnitely many three-bridge links each of which admits inﬁnitely many three-bridge spheres up to isotopy.
To prove this theorem, we study the genus-two Heegaard surfaces of the double branched coverings of S3 branched over
the links, obtained as the pre-images of the three-bridge spheres.
2. Construction of links and three-bridge spheres
Let (V ,k(β1/α1, β2/α2)) be a link in a solid torus standardly embedded in S3 obtained from two rational tangles with
slopes β1/α1 and β2/α2 by joining them with parallel arcs (see Fig. 1), and let L(q/2p) = k1 ∪ k2 be a two-bridge link
of type (2p,q) in S3, where q ≡ ±1 (mod p). We identify V with a regular neighborhood N(k1) of k1 by an orientation-
preserving homeomorphism which takes the meridian and the preferred longitude of V to the meridian and the preferred
longitude of k1 respectively. We denote the link k(β1/α1, β2/α2) ∪ k2 ⊂ S3 by the symbol L(q/2p;β1/α1, β2/α2) (see
Fig. 2).
Let P0 be a two-bridge sphere of L(q/2p) intersecting V = N(k1) in two meridian disks 1 and 2 such that
1 ∪ 2 cuts k(β1/α1, β2/α2) into two rational tangles of slopes β1/α1 and β2/α2. Then P0 is a three-bridge sphere of
L(q/2p;β1/α1, β2/α2) (see Fig. 2).
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Fig. 2. L(q/2p;β1/α1, β2/α2) with q/2p = 3/10.
By twisting P around the essential torus T := ∂V = ∂N(k1), we obtain other three-bridge spheres. To describe this, we
identify T with R2/Z2 so that the elements (1,0) and (0,1) of Z2 correspond to the preferred longitude l and the meridian
m of T respectively. We may assume that ∂1 and ∂2 are the images of {0} × R and { 12 } × R respectively. Consider the
collar neighborhood T × [0,1] of ∂V = T × {0} in the exterior E(k1) of k1. Let D l
2
be the half Dehn twist of T × [0,1] in
the direction of l deﬁned as follows
D l
2
([x], t)=
([
x+ 1
2
φ(t)l
]
, t
)
for each
([x, t]) ∈ (R2/Z2)× [0,1].
Here, l = (1,0) is the element of Z2 ⊂ R2 corresponding to l, [x] denotes the point of R2/Z2 determined by x ∈ R2 and φ
is a smooth function on R such that φ(∞,0] = 0, φ[1,∞) = 1 and φ|[0,1] is monotone increasing.
Put C := P ∩ (T × [0,1]). For each integer n, set Cn := Dnl
2
(C) and Pn := (P \ Int(C)) ∪ Cn (see Fig. 2). Then Pn is a
three-bridge sphere of the link L(q/2p;β1/α1, β2/α2).
Theorem 1.1 is a consequence of the following theorem:
Theorem 2.1. For distinct integers m and n, the three-bridge spheres Pm and Pn of L(q/2p;β1/α1, β2/α2) are not isotopic.
3. Description of double branched coverings and Heegaard surfaces
Let M be the double branched covering of S3 branched over L(q/2p;β1/α1, β2/α2), and let M1 and M2, respectively, be
the pre-images of V1 and E(k1) in M .
Lemma 3.1.
(1) If p is even, then M1 is the Seifert ﬁbered space A(β1/α1, β2/α2) over an annulus A (see Fig. 3(1)). In particular, the fundamental
group π1(M1, x0) has a presentation
π1(M1, x0) =
〈
c1, c2,a1,h
∣∣ cα11 hβ1 = 1, cα22 hβ2 = 1, [c1,h] = [c2,h] = [a1,h] = 1〉.
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(2) If p is odd, then M1 is the Seifert ﬁbered space Mö(β1/α1, β2/α2) over a Möbius band Mö (see Fig. 3(2)). In particular, the
fundamental group π1(M1, x0) has a presentation
π1(M1, x0) =
〈
c1, c2,a1,h
∣∣ cα11 hβ1 = 1, cα22 hβ2 = 1, [c1,h] = [c2,h] = 1, a1ha−11 = h−1〉.
In the above lemma, B(β1/α1, β2/α2) denotes a Seifert ﬁbered space over a base orbifold B with two exceptional ﬁbers
of Seifert indices β1/α1 and β2/α2.
Proof. Note that M1 is the double branched covering of V , branched along k := k(β1/α1, β2/α2), corresponding to the
homomorphism ψ : H1(V − k) → Z2 where ψ maps the meridians of k to 1¯ and the preferred longitude of T = ∂V to 0¯ or
1¯ according as p is even or odd. Then the desired result follows by using the Montesinos trick (cf. [3, Chapter 12]). 
Lemma 3.2. M2 is homeomorphic to the exterior of the two-bridge link L(q/p). In particular, M2 is hyperbolic.
Proof. Note that M2 is the double branched covering of E(k1) branched along L := L(q/2p) associated with the homomor-
phism ψ : H1(E(k1)− k2) = H1(E(L)) → Z2 sending meridians of k1 and k2 to 0¯ and 1¯ respectively. Thus M2 is equal to the
exterior of the pre-image of k1 in the double branched covering of S3 branched over k2. Therefore we can easily see that
k2 is the two-bridge link L(q/p) (see [5]). The last assertion follows from the assumption q ≡ ±1 (mod p) and [8] (see also
[4, Theorem 11]). 
It should be noted that ∂M1 = ∂M2 consists of a single torus or a pair of tori according as p is odd or even. Moreover,
we can easily see from the proofs of Lemmas 3.1 and 3.2 that the meridians of ∂M2 = ∂E(L(q/p)) are identiﬁed with the
regular ﬁbers on ∂M1. Hence we obtain the following
Proposition 3.3. The double branched covering M of S3 branched over L(q/2p; β1/α1, β2/α2) is homeomorphic to M1 ∪ f M2 , where
M1 and M2 respectively are as in Lemmas 3.1 and 3.2, and f is a homeomorphismwhich sends the regular ﬁber on ∂M1 to themeridian
of L(q/p).
4. Distinction of Heegaard surfaces up to isotopy
Let Fn be the pre-image of the three-bridge sphere Pn . Then Fn is a genus-two Heegaard surface of M . Thus M is a
genus-two manifold admitting an essential torus. In fact, M is homeomorphic to one of the manifolds introduced in (ii) and
(v) of the main theorem of T. Kobayashi [6].
Theorems 1.1 and 2.1 are direct consequences of the following theorem.
Theorem 4.1. For distinct integers m and n, the Heegaard surfaces Fm and Fn of M are not isotopic.
The proof is based on the following proposition (see [2]).
Proposition 4.2. Let V1 ∪F V2 and W1 ∪G W2 be genus g Heegaard splittings of a 3-manifold M such that F and G are isotopic.
Assume that the isotopy carries V1 to Wi for i = 1 or 2. Then the generating system {x1, x2, . . . , xg} of π1(M) determined by that of
π1(V1) is Nielsen equivalent to the generating system {y1, y2, . . . , yg} of π1(M) determined by that of π1(Wi). In particular, if g = 2
then the commutator [x1, x2] is conjugate to [y1, y2]±1 .
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We need the following lemma to prove Theorem 4.1.
Lemma 4.3.
(1) Suppose p is even and let K1 and K2 be the components of L(q/p). Then any essential simple closed curve on ∂N(K1) is not freely
homotopic to an essential simple closed curve on ∂N(K2) in M2 .
(2) For each component T of E(L(q/p)), we have N (π1(T )) = π1(T ), where N (π1(T )) := {g ∈ π1(E) | gπ1(T )g−1 = π1(T )} is
the normalizer of π1(T ).
(3) An unknotting tunnel τ of a nontrivial knot K in S3 is not homotopic to an arc on ∂E(K ).
(4) The upper tunnel and the lower tunnel of L(q/p) are not homotopic in M2 (see Fig. 6 and [9] for the deﬁnition of the upper and
lower tunnels). To be precise, the maps (I, ∂ I) → (M2, ∂M2) representing the upper and lower tunnels are not homotopic.
(5) For the upper tunnel or the lower tunnel τ of L(q/p), τ and τ−1 are not homotopic in M2 . That is, a map τ : (I, ∂ I) → (M2, ∂M2)
representing the tunnel τ is not homotopic to τ−1 = τ ◦ γ where γ (x) = 1− x.
(6) Two exceptional ﬁbers h±11 and h
±1
2 are not equal in π1(∂M1)\π1(M1)/π1(∂M1).
(7) An exceptional ﬁber hi is not equal to h
−1
i in π1(∂M1)\π1(M1)/π1(∂M1) (i = 1,2).
(8) Assume that p is odd and let λ be a simple closed curve in M1 representing c1a1 ∈ π1(M1) (see Fig. 3(2)). Then λh1λ−1 and h±11
(or h±12 ) are not equal in π1(∂M1)\π1(M1)/π1(∂M1).
Proof. (1) follows from the fact that L(q/p) is hyperbolic (see Lemma 3.2).
(2) follows from [11, Lemma 3.1].
(3) If τ is homotopic to an arc on ∂E(K ), then it follows that the knot group π1(E(K )) is generated by the image of
π1(∂E(K )), and hence π1(E(K )) is abelian. This contradicts the assumption that K is nontrivial.
(4) is proved in [9, Example 3.4] for two-bridge knots. The link case can be proved by the same argument.
(5) Suppose τ is homotopic to τ−1. Then there exists a homotopy f : (I, ∂ I) × I → (M2, ∂M2) such that f |(I,∂ I)×{0} = τ
and f |(I,∂ I)×{1} = τ−1. Consider the Möbius band Mö obtained from I× I by identifying (x,0) with (1−x,1). Then f induces
a map (Mö, ∂Mö) → (M2, ∂M2). Consider the double covering (A, ∂ A) → (Mö, ∂Mö) and let g : (A, ∂ A) → (M2, ∂M2) be the
composition of the covering projection and f . Since M2 is hyperbolic, the map g is inessential. This together with the
assertion (3) implies that the restriction of g to each component of ∂ A is null-homotopic on ∂M2. Let c and c′ be the arcs
in ∂M2 joining the end points of τ which are obtained as the image by f of the arcs on ∂Mö as indicated in Fig. 4. By
the above observation, c and c′ are homotopic relative to the endpoints. Hence we obtain (τ c)2 = 1 in π1(M2), where c
is an arc on ∂M2. Since the knot group π1(M2) is torsion-free, we have τ c = 1, a contradiction to (3). Therefore, τ is not
homotopic to τ−1.
(6) We note that
π1(M1, x0)/〈h〉 =
〈
c1, c2,a1
∣∣ cα11 = cα22 = 1〉 (∼= Zα1 ∗ Zα2 ∗ Z).
We give a proof when p is odd. The remaining case can be settled similarly. Assume that h±11 and h
±1
2 are equal in
π1(∂M1)\π1(M1)/π1(∂M1). Since π1(∂M1, x0) = 〈c1a21c2,h〉 ∼= Z ⊕ Z, the assumption implies that there are integers a and
c such that the identity
(
c1a
2
1c2
)a
c1a1c
γ1
1 a
−1
1 c
−1
1
(
c1a
2
1c2
)−c
c−γ11 = 1
holds in π1(M1, x0)/〈h〉. However, we can see by using the normal form theorem for free products that this cannot happen.
Hence, we obtain the desired result.
(7) and (8) can be proved similarly. 
Proof of Theorem 4.1. Put T˜ := ∂M1 = ∂M2, and identify a collar neighborhood of T˜ = T˜ × {0} in M2 with T˜ × [0,1]. Then
we may assume M = M1 ∪ T˜ × [0,1] ∪ M2. Note that the Heegaard surfaces {Fn} differ only in T˜ × [0,1].
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Fig. 6.
Table 1
Generating systems when p is even.
π1(V n1 , x0) π1(V
n
2 , x0)
n is even {l
n
2
1 τ1l
− n2
2 λ,h1} {l
n
2
1 τ2l
− n2
2 λ,h2}
n is odd {l
n−1
2
1 τ2l
− n−12
2 λ,h1} {l
n+1
2
1 τ1l
− n+12
2 λ,h2}
For each integer n, let V n1 and V
n
2 be the handlebodies in M bounded by the Heegaard surface Fn , such that V
n
i ∩M1 is a
solid torus whose core is the exceptional ﬁber, hi , of M1 with Seifert index βi/αi for i = 1,2. Then V n1 ∩ M2 (resp. V n2 ∩ M2)
is the exterior of a trivial tangle, which forms the upper or lower bridge of L(q/p) according as n is even or odd (resp. n is
odd or even), and V n1 ∩ T˜ × [0,1] consists of two copies of A × [0,1], where A is an annulus, each of which wraps around
T˜ for n/2 times.
Case 1: p is even and hence L(q/p) = K1 ∪ K2 is a two-component link. We ﬁrst describe generating systems of π1(M)
arising from V 01 and V
0
2 . Put Ti := ∂N(Ki) = Ai where ∂M1 = A1 ∪ A2 (i = 1,2). Pick a base point x0 for the fundamental
group of M on T1 ∩ F0, and put x1 := ρ(x0) ∈ T2 ∩ F0, where ρ is the hyper-elliptic involution of M , i.e., the covering
transformation of the double branched covering (see Fig. 5).
Let τ1 and τ2, respectively, be the upper tunnel and the lower tunnel for L in M2. For each i = 1,2, join the endpoint of
τi on T1 (resp. T2) and x0 (resp. x1) by an arc on T1 (resp. T2). Here, we assume the arcs lie in the upper or lower bridge
exterior according as i = 1 or 2. We abuse notation to denote the resulting arcs joining x0 to x1 by the same symbols, τ1
and τ2 (see Fig. 6). We regard τ1 ∪ λ and τ2 ∪ λ as elements of π1(M, x0) and denote them by τ1λ and τ2λ respectively.
Then we obtain generating systems {τ1λ,h1} for π1(V 01 , x0) and {τ2λ,h2} for π1(V 02 , x0), where hi is the exceptional ﬁber
of index βi/αi (see Fig. 5).
To describe generating systems arising from V n1 and V
n
2 , we regard the pre-images l1 and l2 of the preferred longitude
l of the essential torus T (see Section 2) as elements of π1(M, x0) and π1(M, x1) respectively. Then we obtain generating
systems as in Table 1.
We describe only the proof of Theorem 4.1 when m and n are even, and indicates how to modify it in the other cases.
Assume that F2m and F2n are isotopic for some m,n ∈ Z with m = n. Then, by Proposition 4.2 and Table 1, [lm1 τ1l−m2 λ,h1]
is conjugate to [lnτ1l−nλ,h1]±1 or [lnτ2l−nλ,h2]±1. In the following, we prove that this cannot happen.1 2 1 2
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We ﬁrst show that [lm1 τ1l−m2 λ,h1] and [ln1τ1l−n2 λ,h1] are not conjugate. Suppose that [lm1 τ1l−m2 λ,h1] and [ln1τ1l−n2 λ,h1] are
conjugate. Let f0 : S1 → M and f1 : S1 → M be maps representing the elements [lm1 τ1l−m2 λ,h1] and [ln1τ1l−n2 λ,h1] respec-
tively. By the assumption, f0 and f1 are freely homotopic, and hence there is a map
Ψ : S1(= R/Z) × [0,1] → M
such that Ψ |S1×{0} = f0 and Ψ |S1×{1} = f1. We may assume that Ψ is transversal to T1 ∪ T2 and that f −1i (T1 ∪ T2) consists
of 4 points (i = 0,1).
To be precise, we may assume that
Ψ
([
0,
1
4
]
× {0}
)
= lm1 τ1l−m2 , Ψ
([
0,
1
4
]
× {1}
)
= ln1τ1l−n2 ⊂ M2,
Ψ
([
1
4
,
1
2
]
× {0}
)
= λh1λ−1, Ψ
([
1
4
,
1
2
]
× {1}
)
= λh1λ−1 ⊂ M1,
Ψ
([
1
2
,
3
4
]
× {0}
)
= lm2 τ−11 l−m1 , Ψ
([
1
2
,
3
4
]
× {1}
)
= ln2τ−11 l−n1 ⊂ M2,
Ψ
([
3
4
,1
]
× {0}
)
= h−11 , Ψ
([
3
4
,1
]
× {1}
)
= h−11 ⊂ M2.
Since Ψ is transversal to T1∪T2, Ψ−1(T1∪T2) is a 1-dimensional submanifold of S1× I . Since T1 and T2 are incompressible,
we may further assume that Ψ−1(T1 ∪ T2) consists of only arcs. Since τ1 and hi (i = 1,2) cannot be homotoped into
the boundary (see Lemma 4.3(3)), each component of Ψ−1(T ) is an arc joining S1 × {0} and S1 × {1}. Then, noting the
intersection of Ψ |S1×{i} and Ti (i = 0,1), we see that the map Ψ is as in Fig. 7. That is, we may assume
⎧⎪⎪⎨
⎪⎪⎩
Ψ−1(M1) =
([
0,
1
4
]
∪
[
1
2
,
3
4
])
× [0,1],
Ψ−1(M2) =
([
1
4
,
1
2
]
∪
[
3
4
,1
])
× [0,1].
(1)
Let εi be the elements of π1(T1, x0) or π1(T2, x1) represented by Ψ |{ i−14 }×[0,1] (i = 1,2,3,4). Then
ε−11 l
n
1τ1l
−n
2 ε2l
m
1 τ
−1
1 l
−m
2 = 1 ∈ π1(M2, x0), (2)
ε−12 λh1λ
−1ε3λh−11 λ
−1 = 1 ∈ π1(M1, x1), (3)
ε−13 l
n
1τ
−1
1 l
−n
2 ε4l
m
1 τ1l
−m
2 = 1 ∈ π1(M2, x1), (4)
ε−14 h
−1
1 ε1h1 = 1 ∈ π1(M1, x0). (5)
By Lemma 3.1(1),
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p is even.
A B C D
m and n are even 1
m and n are odd 1 7 6
m is even and n is odd 4
Table 3
Generating systems when p is odd.
π1(V n1 , x0) π1(V
n
2 , x0)
n = 4k {l˜kτ1 l˜−kλ,h1} {l˜kτ2 l˜−kλ,h2}
n = 4k + 1 {l˜kτ2 l˜−kλ,h1} {l˜k+1τ1 l˜−kλ,h2}
n = 4k + 2 {l˜k+1τ1 l˜−kλ,h1} {l˜k+1τ2 l˜−kλ,h2}
n = 4k + 3 {l˜k+1τ2 l˜−kλ,h1} {l˜k+1τ1 l˜−k−1λ,h2}
Table 4
p is odd.
m 0 1 2 3 0 0 0 1 1 2
n 0 1 2 3 1 2 3 2 3 3
A 2, 8 4, 8 5, 8 4, 8 5, 8 4, 8
B 2, 5 4 2, 5 4 2, 5 4
C, D 6
Fig. 8.
π1(M1, x0)/〈h〉 =
〈
c1, c2,a1
∣∣ cα11 = cα22 = 1〉 (∼= Zα1 ∗ Zα2 ∗ Z).
Here, h denotes a regular ﬁber of M1. Since π1(T1, x0) = 〈c1a1c2,h〉, we may put ε1 = (c1a1c2)ahb , ε4 = (c1a1c2)chd . Since
h1 = cγ11 hδ1 (α1δ1 − β1γ1 = 1), we have the equation
(c1a1c2)
cc−γ11 (c1a1c2)
−acγ11 = 1 ∈ π1(M1, x0)/〈h〉
by (5), and hence we have a = c = 0. Then, since hd−δ1+b+δ1 = 1 in π1(M1, x0), we have d = −b and this implies ε1 = hb and
ε4 = h−b . Similarly, we obtain ε2 = he and ε3 = h−e from Eq. (3). We note that ε1 =mb1, ε4 =m−b1 , ε2 =me2 and ε3 =m−e2
in M2, where mi is the meridian of Ki , then we have
ln−m1 m
b
1τ1m
−e
2 l
m−n
2 τ
−1
1 = 1 ∈ π1(M2, x0)
from (2). But, by Lemma 4.3(1), this equation has no solution. Therefore, [lm1 τ1l−m2 λ,h1] and [ln1τ1l−n2 λ,h1] are not conju-
gate.
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Let {x1, x2}, {y1, y2} and {z1, z2} be the generating systems of π1(M) determined by that of π1(Vm1 ), π1(V n1 ) and π1(V n2 )
respectively. Then the A, B, C and D in the tables, respectively, denote the conjugacy problems [x1, x2] ∼ [y1, y2], [x1, x2] ∼
[y1, y2]−1, [x1, x2] ∼ [z1, z2] and [x1, x2] ∼ [z1, z2]−1. This completes the proof of Theorem 4.1 in Case 1.
Case 2: p is odd, and hence L(q/p) is a knot. In this case, the inverse image T˜ of T consists of a single torus and the lift
of the map D l
2
: T × [0,1] → T × [0,1] is equal to D l˜
4
: T˜ × [0,1] → T˜ × [0,1], where l˜ is the inverse image of l in T˜ .
Generating systems of π1(M) arising from V n1 and V
n
2 are as in Table 3. Table 4 indicates the numbers of the assertions in
Lemma 4.3 we need to settle the conjugacy problems for the case p is odd. Here, the numbers on the ﬁrst and second rows
in Table 4 indicate the representatives of m and n modulo 4. We note that, in the treatment of each conjugacy problem, we
need two subcases according as the combinatorics of Ψ −1(T ) as illustrated in Fig. 8. 
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